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A solution is presented for the problem of con juga te  nonstationary heat transfer in a laminar 
boundary layer on the boundary of a semiinfinite porous medium when the blowing velocity 
varies with time as t -I/2. 

Blowing  in a b o u n d a r y  l a y e r  r e s u l t s  in 1) d i r e c t  coo l ing  of the  body s u r f a c e  as  a r e s u l t  of hea t  t r a n s f e r  
to  the  coo l an t  and 2) d e g r a d a t i o n  of  the  h e a t  t r a n s f e r  be tw e e n  the  body  and the  m a i n  f low.  

T r a d i t i o n a l l y ,  h e a t  t r a n s f e r  in the  b o u n d a r y  l a y e r  on a p e r m e a b l e  s u r f a c e  was  e x a m i n e d  wi thout  t a k i n g  
a ccoun t  of the  in f luence  of  the  p o r o u s  body;  h e n c e ,  the  b o u n d a r y  cond i t ions  on the  i n t e r p h a s a l  b o d y - f l u i d  s u r -  
face  w e r e  c o n s i d e r e d  known b e f o r e h a n d  [1]. To t ake  account  of the  connec t ion  be tw e e n  the  hea t  t r a n s f e r  in the  
b o u n d a r y  l a y e r  and the  p o r o u s  body ,  i t  i s  n e c e s s a r y  to  s o l v e  j o i n t l y  the  b o u n d a r y  l a y e r  equa t ion  on a p e r m e a b l e  
i n t e r p h a s a l  b o d y - f l u i d  s u r f a c e  and the  h e a t  conduc t ion  equa t ion  wi th in  the  p o r o u s  body  (i. e . ,  f o r m u l a t e  a c o n -  

j u g a t e  p r o b l e m  [2]). 

Few a u t h o r s  e x a m i n e d  the  p r o b l e m  of b o u n d a r y  l a y e r  c o n t r o l  in a con juga te  f o r m u l a t i o n .  The  e f f ec t  of 
" u n d e r h e a t i n g "  of a f luid at  the  s u r f a c e  of a l o n g i t u d i n a l l y  s t r e a m I i n e d  p l a t e  caused  b y  h o m o g e n e o u s  s u c t i o n  
was c o m p u t e d  in [3]. Two h e a t - t r a n s f e r  p r o b l e m s  in a l a m i n a r  b o u n d a r y  l a y e r  on the  b o u n d a r y  of a p o r o u s  
m e d i u m  (0 < x < ~o, -~o < y < 0) when the  b lowing  v e l o c i t y  is  p r o p o r t i o n a l  to  x -1/2 a r e  so lved  in [4]. E i t h e r  
c o n v e c t i v e  h e a t  t r a n s p o r t  o r  h e a t  conduc t ion  in the  m a i n - s t r e a m  d i r e c t i o n  was  t a k e n i n t o  accoun t  i n t h e b o d y .  
By u s i n g  the  equa t ion  of  h e a t  conduc t ion  in a p o r o u s  body  d e r i v e d  in [6], the  a u t h o r  g r a p h i c a l l y  showed in [5] 
the  in f luence  of the  h e a t  c o n d u c t i v i t y  of a po rous  p l a t e  ( - ~  -< x -<- ~ ,  O _< y -< h) on the  h e a t  t r a n s f e r  in Coue t te  
h o t - g a s  f low on i ts  s u r f a c e  when pvtc 0 = eons t .  A me thod  was  p r o p o s e d  in [7] fo r  the  c o m p u t a t i o n  of the  c o o l -  
ing of a p o r o u s  wa l l  (O -< x -< m, 0 -< y -< h) in a t u r b u l e n t  c o m p r e s s i b l e  gas  f low. The  h e a t  conduc t ion  of the  
coo lan t  was  c o n s i d e r e d  n e g l i g i b l e  a s  c o m p a r e d  to  the  hea t  conduc t ion  of the  wal l  m a t e r i a l ,  whose  va lue  in the  
m a i n - s t r e a m  d i r e c t i o n  is  n e g l i g i b l e  in c o m p a r i s o n  to  the  va lue  in the  t r a n s v e r s e  d i r e c t i o n .  The  a u t h o r s  d i s -  
c a r d e d  the  u s u a l  a s s u m p t i o n  about  e q u a l i t y  of  the  body  and coo l ing  s u r f a c e  t e m p e r a t u r e s  on the i n t e r f a c e .  S t a -  
t i o n a r y  h e a t  t r a n s f e r  was  c o n s i d e r e d  in aI1 the  p r o b l e m s  l i s t e d .  

Le t  us c o n s i d e r  h e a t  t r a n s f e r  in a b e d y - f l u i d  s y s t e m  c o n s i s t i n g  of a h a l f - s p a c e  (y > 0) f i l l ed  wi th  a v i s -  
cous  i n c o m p r e s s i b l e  f luid and a p o r o u s  m a s s  (y < 0) which  is s e t  i m p u l s i v e l y  in m o t i o n  with a c o n s t a n t  v e l o -  
c i t y  U 0 p a r a l l e l  to  the  p l ane  y = 0. 

The equa t ions  of a l a m i n a r  b o u n d a r y  l a y e r  wi th  b low have  the  u s u a l  f o r m  

av/av = o, au/at  + vau/ag = vO2u/ag z, u (y, o) = o, 

u(O, t ) =  Uo, u ( ~ ,  t ) =  O, v(O, t ) =  Vo(t). 

(1) 

We a s s u m e  the  c o o l a n t  to be  s u c k e d  c o n t i n u o u s l y  t h rough  the  s u r f a c e  y = 0, and the  speed  of the  b lowing  to be 
p r o p o r t i o n a l  to  t-1/2:  

Vo (t) = Vo (v/t) ' /2,  Vo > O. (2) 

Then problem (i) is self-similar, and its solution is [8] 

erfc (~ - -  Vo) 
u* (0) - 

erfc ( - -  V0) 

~1 = g/2('~t) '/2. 

(3) 

A. V. Lykov Institute of Heat and Mass Transfer, Academy of Sciences of the Belorussian SSR, Minsk. 
Translated from Inzhenerno-Fizicheskii Zhurnal, Vol. 40, No. 3, pp. 518-523, March, 1981. Original ar- 
ticle submitted January 23, 1980. 

0 0 2 2 - 0 8 4 1 / 8 1 / 4 0 0 3 - 0 3 2 5 5 0 7 . 5 0 0  1981 P l e n u m  Pub l i sh ing  C o r p o r a t i o n  325 



To d e s c r i b e  the  hea t  t r a n s f e r  in a p o r o u s  body  we use  the  equa t ion  d e r i v e d  in [9]: 

OT div (--)~ grad T) - -  cIpstpV* grad T, (4) [GP~ (1 - -  ~2) + ctps*l Ot 

w h e r e  T is  the  t e m p e r a t u r e  of an a r b i t r a r y  po in t  of the  p o r o u s  m a t e r i a l ;  V*, v e l o c i t y  of the  l iquid  p h a s e  in the  
p o r e s ;  $, p o r o s i t y  f a c t o r ;  kf  ( k s ) , h e a t  conduc t ion  c o e f f i c i e n t  of the  l iquid  p h a s e  (the po rous  ske l e ton ) ;  X = (1 - 
A)ks + Akf, e f f e c t i v e h e a t  conduc t ion  of the  p o r o u s  m a t e r i a l ;  

2 n 
A -- 2 ~ _ ~  {1 - -  1/(1 -t- ~)~}, n > 0 .  (4') 

Equa t ion  (4) t a k e s  accoun t  of the  e f fec t  of the  p o r o s i t y  and the  f low of  the  l iquid  p h a s e  t h rough  the  p o r o u s  s k e l e -  
ton ,  and a l s o  a g r e e s  we l l  with e x p e r i m e n t a l  r e s u l t s .  Th is  l a t t e r  was  not  t aken  into accoun t  b y  a n u m b e r  of 

a u t h o r s  [6, 10,  11]. 

Both in the  p o r e s  of the  s k e l e t o n  and in the  b o u n d a r y  l a y e r  the  t r a n s v e r s e  f luid v e l o c i t y  componen t  is  a 
func t ion  of j u s t  the  t i m e  and equa l s  v0(v / t )  1/2, t he  b lowing  v e l o c i t y  o n t h e  c on t a c t  s u r f a c e  y = 0. We a s s u m e  
e q u a l i t y  of  the  s k e l e t o n  and coo lan t  t e m p e r a t u r e s  upon e m e r g e n c e  f r o m  the  p o r e s  ( for  y = 0 [12]). The f luid 
b e i n g  blown is  h o m o g e n e o u s  with  the  f luid of the  m a i n  s t r e a m .  Le t  us f o r m u l a t e  the  t h e r m a l  con juga te  p r o b l e m :  

[ or,  OT, ] . 02T, + ~ ( 0 ~ 1  2 
cjpt L - - ~ F  + yo(~ltj '/2 - ~ (5) - b T j  - R~ ov a \ ov / ' y > 0 ,  t > 0 ,  

~T OT 
cl~) :~ Vo (, i t) '  /2 

[c ,p 8 (1 - -  , )  + csplq)l ~ + 
Og 

_ %  OaT , g < O ,  t > O .  (6) 
Oy a 

The in i t i a l  cond i t ions  (t = 0) a r e  

Tf = T O , y > 0 ,  (7) 

T = 0, g < 0 ,  (S) 

The  b o u n d a r y  cond i t ions  (t > 0) a r e  

T ~ = T ,  g = 0 ,  (9) 

k~ (OT/Oy) = X (OT/Oy), y = 0, (10) 

Tj = To, g = co, (11) 

T = 0 ,  y = - -  co. (12) 

Tak ing  accoun t  of (3), t he  d i m e n s i o n l e s s  f o r m  of the  p r o b l e m  (5)-(12) is  

d0~ _ 4 Pr Ec exp [ - -  2 (~1 - -  V0) 21 
d~Ot + 2 Pr ( n - -  Vo) d~l ~ [eric ( - -  Vo)I 2 ' 
d~l a 

_ _  d-~O = O, # 0  + 2Pr  I(K~p(I--~)+~)n--~iV~ an 
dn z (1 - - A ) K +  A 

Of=O,  n = O ,  

dOf _ [(1 - -  A) K + AI dO 
d~] dn ' ~1 = 0, 

0 f = l ,  ~l = co, 

0 = 0 ,  ~1 = - - - o o ,  

(13) 

/(14) 

(15) 

(16) 

(17) 

(18) 

w h e r e  u* = u/U0; Of = T f / T 0 ;  0 = T / T 0 ;  K = k s / k f ;  Kcp = (CsPs/CfPf); Ec = U02/cfT0, E c k e r t  n u m b e r ;  P r  = cf/ff 
kf ,  P r a n d t l  n u m b e r .  The  s o l u t i o n  of (13) s a t i s f y i n g  b o u n d a r y  cond i t i on  (17) h a s  the  f o r m  [13] 
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cl ( ~ )  */2erfe[Prl/2 (~1 __ Vo)l + 1, 01 = - - h i  (~1, Pr, V o ) - - - ~ -  \ Pr j 

I (q ,  Pr, Vo) = i exp [ - -  Pr (t - -  Vo)2l eric [(2 - -  Pr) ~/2 (t - -  Vo)] dr, 
t=:q 

(19) 

whe r e  

h =  
2 Pr Ec 

[a (2 - -  Pr)] I/2 [eric ( - -  Vo)] z 
(20) 

The solution of (14) satisfying the boundary condition (18) has the form 

0 = c~ eric [ - -  (a/2b) ~/2 (bq - -  lpVo)], 

w h e r e  

a = 2 Pr/[(1 - -  A) K + A], b = Kcp (1 - -  ~2) + ~. 

We find the  c o n s t a n t s  e l ,  % f r o m  the  c o n j u g a t e  cond i t i ons  (15)- (16) :  

ci = At~A, c2 = AJA, 

where 

Ai = [1 - -  hi (0, Pr, Vo)][(1 - -  A) K + A](2ab/n) 1/2 exp [-- a ( ~Vo)Z/2b] - -  

- -  h exp ( - -  Pr V~) eric [--Vo (2 - -  P r )  1/2] eric [(a/2b) 1/2~Vo]; 
(2i) 

A2 = exp ( - -  Pr Vo 2) {1 - -  hi (0, Pr, Vo) + (h/2) (alPr) 112 eric ( - -  Pr i 12Vo) eric [ - -  Vo (2 - -  Pr) 112]}; 

A = exp ( - -  Pr V02) eric [(a/2b)l/2q~Vo] + 

+ (ab/2Pr) 1/2[(1 - -  A) K + A1 exp [-- a (,Vo)Z/2b] eric ( - -  Pr 1/2Vo). 

In t he  c a s e  o f  an  i m p e r m e a b l e  wa l l  (~ = V0 = 0), t h e  c o n s t a n t s  ca, e2 a r e  e v a l u a t e d  f r o m  the  f o r m u l a s  

[X~ = 2 (PrKKeJa) 1/2 [1 - -  hi  (0, Pr)] - -  h, 

7X 2 = 1 - -  hi(O, Pr) ,2_ (Tt/2)(a/Pr) I /2 , (22) 

1/2 7X=_ l + (KKcp) , 

= 2 PrEc/a ( 2 - -  Pr) I/2. 

The  a p p r o p r i a t e  s o l u t i o n  a g r e e s  wi th  the  so lu t i on  in [14]. 

The  i n t e g r a l  I(0,  P r ,  V0) in (21) c an  be  e x p r e s s e d  in t e r m s  of  e l e m e n t a r y  func t ions  if  the  m e t h o d  of  e v a l -  
ua t ing  i m p r o p e r  m u l t i p l e  i n t e g r a l s  p r o p o s e d  by  P o i s s o n  is u s e d :  

I (0, Pr, Vo) = t" exp [ - -  Pr (x - -  V0) z] eric [ (2 - -  Pr) 1/2 ( x - -  V0)] dx = 
td  
0 

t exp [ - -  Pr (x - -  Vo) 2] exp (--  y2) dy dx = (~)1 
,2 
0 (2--Pr) 1/2(x_Vo ) 

: (-~)1/2 ; dx ; exp [-- Pr (x - -  Vo)Z-- y2] dy - (x~ /2 S ( exp [-- Pr (x - -  Vo)2-- yU] dxdy. 

0 (2_Pr) l /2(x_Vo) 0 (2_Pr)~/2(x_Vo) 

After going over to polar coordinates 

x = Vo + (Pr) - 1 /2 r cos% 
y = r s i n %  

ds = l D ( x ' ~  y) drd(p = (Pr)-l/2rdrd(p 
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Fig. 1. Dependence of the heat-f lux ratio qcJq0 on the blowing 
for different body-fluid pairs when the Eckert number is Ec = 0, 
i, 4: i) glass (ordinary)-air; 2) rubber-air; 3)aluminum (99%)- 
air; n = 2 (4'), ~=50%. 

we obtain 

2 
I(0, Pr, Vo) - (~pr)l / 2 

arctg ( 2--Pr ~1 /2(2_Pr)l/2v. k Pr ] 
exp ( - -  r2) rdr = f 2 - -  arctg ( ~ r P r )  ~/2i/(~ Pr)I/~ exp [(2-- 

The heat flux dens ity through the body-  fluid interface is proportional to t-~/2: 

Pr) V~]. 

q~ (t) = le] (OT/Ov)lv=o -- kjTo {her fc[ - -Vo(2- -Pr) ' /2]  + ct}exp(--PrV~), 
2(vt) I/2 

and the ratio qc~(t)/q0(t), where q0(t) is the heat  flux density through the body-f lu id  interface in the case of 
an impermeable wall, equals 

qo]qo = exp (-- Pr V~){h eric [-- V0 (2 -- Pr) 1/2] + ct}/(h + cd. (23) 

Numerical computations by using (21)-(23) showed: 

1) the dependenee of the rat io q~/q0  on the conjugate parameter  ~ = 2(PrKKco/~)I/2 is not monotonic 
in nature;  

2) an increase in the Eckert  number is accompanied by growth of the ratio cko/q0; 

3) as the blowing velocity V0(~ = const) r i ses ,  the rat io qw/q0 decreases  almost  l inearly;  the decrease  
will be more abrupt the greater  the Eckert  number Ec; 

4) the ratio qoJq0 hardly  changes with the r i se  in body porosi ty ~(V 0 = const). 

An example of the computations is presented in Fig. 1. 

1. 

2. 

3. 

4. 
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HEATING OF A BULKY BODY BY A CIRCULAR HEAT 

SOURCE WITH HEAT ELIMINATION FROM THE 

SURFACE TAKEN INTO ACCOUNT 

L. E .  M e l a m e d  UDC 536.24.02 

Resul t s  of an ana ly t i ca l  and n u m e r i c a l  solut ion of the p rob l em,  in a form sui tab le  for  the d e t e r -  
minat ion of m a t e r i a l  p r o p e r t i e s ,  a r e  given. 

The p rob l em  of heat ing a bulky body by a c i r c u l a r  heat  sou rce  is a computat ional  scheme of an enormous  
number  of l o e a l - h e a t i n g c a s e s  encountered  in engineer ing.  Included h e r e  a r e  the e l e e t r o e r o s i v e  t r e a t m e n t  of 
me t a l s ,  e l e c t r o n - b e a m  and l a s e r  t r e a t m e n t ,  welding,  the act ion of local  heat  sou rces  in a f i r e ,  and p rob lems  
of many o ther  b ranches  of engineer ing.  This r e s e a r c h  is pe r fo rmed  d i r e c t l y  in connect ion with the p rob lem of 
d e t e r m i n i n g  the heat  conduct ivi ty  of s t r u c t u r a l  cons t ruc t ions  (panels ,  etc.  ) under  nondes t ruc t ive  tes t ing - the 
act ion of a c i r c u l a r  heat  sou rce  of given in tens i ty  on the su r f ace  of an i tem. A s t a t i o n a r y  modif ica t ion  of such 
a method is p roposed  in [1]. The t h e r m a l  engineer ing  bas i s  of the nons ta t ionary  modif ica t ion  of the method,  
p roposed  by the s ame  author ,  is examined below. P a r t i c u l a r  cases  of this  computat ional  scheme were  exa -  
mined in [2-6]. 

The problem is formulated thus. The equation 

d0 d~0 1 dO a20 
- -  ~- - r -  , r ,  z ~ O ,  

8~ dr ~ r Or dz ~ 

with the boundary conditions 

0 = 0  for ~ = 0 ,  0- -~0 for r, z---~c~, 

00 
Bi 0 -- A (r, ~) for Z : 0 

OZ 

is solved. 

In quadratures, the solution of the problem has the form 

O(r' z' ~)=; i ~A(~' T - - t ) ,  2t 

0 0 

exp 
r 2 4 -  z ~ 4 -  ~z 

x 
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